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Abstract

We assess whether tiwvalue of humanityfor global social welfare) has improved in the
last decades despite (or because of) the substantial sgcreaylobal population sizes. We
use for this purpose a relatively unknown but simple andetitre social evaluation approach
based ortritical-level generalized utilitarianisnfCLGU). CLGU posits that social welfare
increases with population size if and only the new lives covith a utility level higher than
that of acritical level. Despite its attractiveness, CLGU poses a number of pedcifficulties
that may explain why the literature has left it largely urlexpd. The most important of these
difficulties deal with the choice of an individual welfaregrggation function and with the
value of the critical level. We address these difficultiesdeyeloping new procedures for
making partial social orderings over classes of CLGU eva@uodunctions. These orderings
are designed to be robust to choices of individual welfaggegation functions (within certain
classes of such functions) and to ranges of the critical.l@\e headline result is that we can
robustly conclude that world welfare has increased betvi®9® and 2005 if we judge that
lives with per capitayearly consumption of more than $1,288cessarily increasthe value
of humanity; the same conclusion applies to Sub-Saharanaifrand only if we are willing
to make that same judgement for lives wéthy level of per capitayearly consumption above
$230. Otherwise, some of the admissible Paretian CLGU iometwill judge the last two
decades’ increase in global population size to have lowdredalue of humanity.
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1 Introduction

It took roughly 250,000 years for humanity to reach 250 willindividuals —viz, at around
1 AD. It took another 1800 years for the global populationgaah 1 billion. Between 1800 and
1960, that level grew to 3 billion. Estimated global popigatsize will reach 7 billion at the turn
of 2011-2012 (see United Nations 2011); current 2020 ptigjes of the size of humanity stand
at about 7.6 billion.

These increases in global population sizes have been afiegaurce of concerns. The most
prominent of them reflects the fear that population size magdtrimental to the environment
and to living standards, a concern frequently expressenh$tance by personalities as diverse as
Al Gore — “No goal is more crucial to healing the global envinment than stabilizing human
population.” (Gore 1992, p. 380) — and the Dalai Lama:

“One of the greatest challenges today is the populatiorosigh. Unless we are able
to tackle this issue effectively we will be confronted wittetproblem of the natural
resources being inadequate for all the human beings onghils’e(Dalai Lama 2000)

Such views feed mainly on the Malthusian preoccupationléingé populations can put unsustain-
able pressure on limited natural resources and fixed assdtsas land (see for instance Ehrlich
and Ehrlich 1990, Cohen 1995, Dasgupta 2010 and Eastind@rann, and Prakash 2011 for in-
stance), although it has been conversely argued that pgeputrowth can also serve as a vehicle
for economic development by stimulating human ingenuitgt sechnological progress and im-
proving the effectiveness of the provision of public goastse(for instance Klasen and Nestmann
2006 for numerous references to the literature and NerlRaein, and Sadka 1986 for a model of
the overall trade-off).

While it is certainly useful to analyze population growthddiving standards from aausal
perspective (as has often been done: see Cassen 1994 asdllBKélley, and Sinding 2003 for
a review), it would seem equally important to assess the juanmativeeffect of demographic
growth and living standards on tivalue of societies. It is indeed such a normative assessment
that should presumably guide demographic and developnodinigs. A normative assessment of
the joint impact of population sizes and living standardssoaieties raises fundamental ethical
issues, however, and those issues have been somewhatteeghethe recent debates on global
trends in welfare and poverty. It is our main objective irsthaper to address them in an original
and (we believe) persuasive normative setting.

There are three major existing normative measures of thaetgf population growth and
living standards on social welfare. All of them incorporate implicit trade-off between the
“quantity” and the “quality” of lives (the quality of livesding measured by their well-being,
their utility, or their living standard — as in the case of @mpirical application below). Two



of them derive from the standard social evaluation appresawonsisting of total and average
utilitarianism.

Total (or classica) utilitarianism is the oldest form of utilitarianism. It kees society’s welfare
by the sum of utilities and thus sets the government’s objeétinction to the “greatest happiness
of the greatest number” (in the words of the total utilitasasee Burns and Hart 2000, p. 393).
Sidgwick (one of the champions of utilitarianism) cleartsites the associated trade-off between
the quantity and the quality of lives:

“So that, strictly conceived, the point up to which, on @difian principles, popula-
tion ought to be encouraged to increase, is not that at whietage happiness is the
greatest possible (...) but that at which the product forimgedultiplying thenum-
ber of persons living into the amount @fveragehappiness reaches its maximum”.
(Sidgwick 1966, pp. 415-416; emphasis is ours)

The implications of total utilitarianism are clear: the qtity of lives can compensate for the
quality of them. It has been convincingly argued, howeMsa this can lead to a “repugnant”
trade-off, a term used in Parfit (1984)’s famous “repugnamtctusion”. Parfit considers as a
repugnant implication of total utilitarianism the fact tremy sufficiently large population, even
with a very low level of average utility, could be deemed prable to any other smaller population
with a relatively high level of average utility:

“For any possible population of at least ten billion peopléwith a very high quality
of life, there must be some much larger imaginable populatvbose existence, if
other things are equal, would be better, even though its reesritave lives that are
barely worth living.” (Parfit 1984, p.388).

A revised version of utilitarianism that avoids the repugineonclusion is average utilitari-
anism. Edgeworth (1925) attributes it to John Stuart Milhoanndeed chose it to justify limits
to population size$,although Say, Sismondi and Wicksell were probably earlgarsi of an av-
erage principle in the discussion of an optimal populatiae ¢see Guillaumont 1964, Sumner
1978 and Blackorby and Donaldson 1984). Average utilitasiaa, however, also has “repugnant”
implications. A policy designed on average utilitarianisnll seek to maximize average utility,
regardless of how small population size may result. A pdmavith only a few individuals may
be preferred to an arbitrarily larger one with almost the sawerage well-bein§ The death of a

1t is no accident that the average theory was devised lstiicthandle questions of population” (Sumner 1978,
p. 99).

2“An alternative with a population of any size in which eachigom is equally well off is ranked as worse than an
alternative in which a single person experiences a triviaitjher utility level” (Blackorby, Bossert, and Donaldson
2005, p. 143). Also consider the following recently estietaimpact of AIDS on the distribution of income in Cote
d’lvoire: “We find that although the size of the economy innterof total household income is reduced by about
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person with below-average utility (as in the case of a nedftipoor person) will increase the value
of a society (see Cowen 1989, Broome 1992a and Kanbur and é/fjeleh2007). The replication
of a population with no effect on average utility would alsodmatter of social indifference.

Average utilitarianism can also lead to important (and somes disturbing) population policy
implications. Take for instance China’s 1979 implemeptatf the one-child policy, which has
probably contributed to the remarkable increase in Chia@sage living standards over the last
three decades (see Hasan 2010 and Bussolo, De Hoyos, Mgdaedevan der Mensbrugghe
2010 for references and some evidence). The one-childydudis, however, caused an important
reduction in population growth and contributed to levelgstfimetimes forced) abortions of the
order of 10 million per yeat.Such effects on population size would, however, not be ateou
for (at least directly) by average utilitarianism.

The third major normative measure of the impact of poputagoowth and living standards
focusses exclusively on the quantity of lives — in completetcast to average utilitarianism’s ex-
clusive focus on the average quality of lives. It is probahkyoldest of the three social evaluation
measures. It also has deep roots in political and moral diseo One example is the historically
frequent assessment of the strengths of nations on the dfgsigulation sizes, as is clear from
Jean Bodin’s (a 16th-Century French philosopher) politivaught?®

“But one should never be afraid of having too many subjecte@many citizens, for
the strength of the commonwealth consists in me®i% pooks of the commonwealth
Book V, chapter Il, translation in Tooley 1955)

Another example is the religiously-encouraged procreataeplenish the world, partly inspired
by the Genesis, the first book of the Bible:

“The value of the replication of God’s image is the reasoregifor Man’s creation.
(...) Their number should be as large as possible so as toea¢enthe world with

6% after 15 years, average household income per capitagholgsincome inequality and poverty remain almost
unchanged” (Cogneau and Grimm 2008, p. 688). According¢oame utilitarianism, AIDS would then have had no
effect on Céte d’lvoire’s social welfare.

3See http://www.tldm.org/News13/13MillionAbortionsFearinChina.htm. One outcome of this trade-off be-
tween the quantity and the quality of lives is that abortiohfemale fetuses are more common in China and else-
where, largely explained by the perceived higher (privatest/benefit ratio of raising a daughter — see Sen (2001)
for a discussion. Klasen and Wink (2003) estimate for insgahe number of “missing women” in the 1990s at nearly
41 million for China and 31 million for India.

4policies aimed at producing the “greatest happiness” casielened ethically unacceptable for reasonprof
ceduraljustice (justice ofmean$, as opposed to reasonsainsequentigjustice (justice ofoutcomessuch as the
achievement of greater average or total utility) — see fetance Rawls (1971). The judgements of procedural justice
and consequential justice may also overlap, as in the cagaEd contraception, infanticides, abortion and forced
migration. We focus in this paper solely on assessmentsnsferpiential justice.

5A more recent example is from Michel Rocard, then French @rininister:

“Most of Western European states are in the process of camguicide, suicide by demography,
without even noticing it.” Rocard (1989)



God’s image. (...) Itis conscious procreation rather tHenpke biological propaga-
tion which is the object of the first (moral) duty”. (Heyd 1992 2)

A related supporting rationale for this is that being alies la moral and social value that tran-
scends the utilitarian value of the life being lived. Mastfgions of this rationale can take several
forms. Several of them were vividly present in a lively oelidebate offhe Economistentitled
“Too many people? This house believes that the world wouldedter off with fewer people®.
One contributor (Arturo Barrios) answered as follows:

“So unlike the Economist reader elites who, having solvedtnod their existential

problems, are constantly seeking problems to temper thredirlveing, most people in
the third world are very happy to exist indeed, thank you veugch. Being poor does
not make one as unhappy as the Western elites imagine”.

Choosing one of these three measures of social evaluataantainly difficult, and can certainly
not be expected to generate consensus. We can, howevegsadde underlying fundamental
trade-offs between the quantity and the quality of lives thase measures capture through the
critical-level generalized utilitarianisnfCLGU) framework proposed by Blackorby and Donald-
son (1984). This has the advantage of presenting a frametlvatks both an alternative and a
generalization of the above social evaluation approadhesé being total and average utilitari-
anism as well as population head-counting).

CLGU social evaluation functions are defined as the aggayaf the differences between
individual welfare (or utility) and the welfare of someondwan income level equal toaitical
level The critical level is the minimum income needed for sometmnadd value to humanity.
CLGU can thus serve to assess the value to humanity of addiegvdife to an existing popula-
tion. CLGU functions can also be expressed as the produatmilption size and the difference
between average welfare and welfare at the critical leveGQ thus provides an explicit frame-
work for trading off average welfare and population sizeo@$ing a relatively high value of the
critical level results in optimally smaller population$iaosing a lower value results in optimally
larger populations.

Despite its attractiveness, CLGU poses important prddiffeculties, which have impended
its application and explained in large part its relativeklaE popularity. The most salient of these
are the choice of an individual welfare aggregation functiad assigning of a value to the critical
level. It is indeed difficult to agree on one precise form ofla@0 function. It is also difficult to
agree on the appropriate value of the critical level. Thell&éas to be high enough to avoid the

5The debate took place between August 21st 2009 and Sept@mthe€@009; the contributions can be found at
http://www.economist.com/debate/debates/archivesidy

780% of the online voters iThe Economi& debate disagreed with Barrios’ view, leading to the failog
disenchanted comment by another contributor: “For thoaktttink we are too many, they can start by taking their
own life. Nobody is in this world against their will and thelyauld not be forced to stay”.
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repugnant conclusion; the level also has to be low enoughontle out additions of lives that
are worth living. In a world of heterogenous preferences @pidions, it is naturally difficult to
envisage a wide consensus on something as fundamentatigngensual as thalue of living

Our first main objective in this paper is hence to addressetlié§iculties by deriving pro-
cedures for making partial social orderings over classeSLdBU evaluation functions. These
orderings are designed to be robust to choices of individhedfare functions (within certain
classes of such functions) and to ranges of the critical.leve

In addition to being useful in themselves, these orderiagsmate very well with an important
aspect of recent debates on the evolution of global pové&tysider for instance the following
extract from Angus Deaton’s 2010 presidential addressaoMimerican Economic Association
(using a poverty line of $1.25 per person per day in 2005 m@tigonal dollars):

“[The figures] show the well-known reduction in the globahdeount ratio, from 51.9
percent of the world’s population in 1981 to 25.2 percentd02 In spite of growth
in the world’s population, the number of people in this kirfgpoverty has fallen by
more than half a billion in the last quarter century. Muchlo$tsuccess comes from
China, in the East Asia and Pacific region. The headcoumtirasub-Saharan Africa
has fallen only slowly, and there are 176 million more Afrisan poverty in 2005
than in 1981. South Asia, dominated by India, is part sucaedgart failure, and the
Bank — and the government of India — estimate that, in spite falling headcount
ratio, there has been a small increase in the numbers ofisdigoverty since 1981,
in spite of India’s relatively rapid growth in per capita GPrecent years, and its
relatively slow rate of population growth.” (Deaton 2018

Opposite movements of absolute and relative numbers ofdbegmerge often in poverty com-
parisons. And when the numbers move in the same directiey,dften do so at very different
rates. This leads to a natural question: “If the absolutelamof poor people goes up, but the
fraction of people in poverty comes down, has poverty gonerugpone down?” (Kanbur 2005,
p.228 and Mukherjee 2008, p. 97; see also Chakravarty, Kaabd Mukherjee 2006 and Pogge
2005.) Whether we should considavsolute(total population) indices goroportional (relative

to total population size) indices to measure poverty wolétdfore seem important. Our second
main objective in this paper is to show how this importantdfio& can be nicely associated to the
resolution of the equally important inquiry into the valudesocieties.

Our third main objective is to use CLGU to assess empiricathether there has been an
improvement in social welfare during the last decades. Tahiky we compare the value of
humanity between 1990 and 2005 from a national, regionalgéwiohl perspective. We consider
173 countries (accounting for 95 percent of the global pagoh in 2005), of which 114 are
developing countries and 59 are high-income countries.
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The most general result is that humanity in 2005 can be rbboshsidered to be better than
in 1990 if we are willing to judge that lives witper capitayearly consumption of any level
greater than $1,288cessarily increasne value of humanity. For some countries and groups of
countries, particularly in Europe, Central Asia and in Sakaran Africa, 1990 can conversely
be deemedbetterthan 2005 if we judge that lives wither capitayearly consumption lower than
$560necessarily decreagbe value of humanity — that threshold falls to $300 for higbhr@lers of
CLGU dominance. Further regional and national comparigtussrate how the trade-off between
the quantity and the quality of lives is starker in some anvinents than in others. The results
also demonstrate how a critical level framework assessdsmbbocial welfare differently from
the traditional average and total utilitarian approaches.

The social evaluation questions addressed in the papet #ne heart of the optimal popu-
lation size problent. They also have considerable policy relevance. For instahegprocess of
demographic transition (through a reduction of both feéytlind mortality) in which a large part
of humanity has recently engaged is often rationalized astloat maximizeper capitawelfare
under resource constraints. It is unlikely for developeaintoes that this process also maximizes
social welfare in a CLGU perspective. For developed coastra CLGU perspective can most
likely provide a rationale for promoting policies that encage fertility, such as the provision
of relatively generous child benefits for families with matgldren. Whether the current demo-
graphic transition is consistent with CLGU maximizatiordieveloping countries depends much
on the value that is set for the critical level. A social planwould favor a population increase
only if the additional lives enjoyed a level of income at leagual to that level. Indeed, if addi-
tional lives are below this level, policies could favor enbed family planning and birth control.
The paper’s discussion and estimates of the rangesbuoist critical levels for which the value
of humanity has been changing in one direction or in anotherle instructive in that planning
exercise.

Note that the paper does not address directly some very tama@aspects of the optimal pop-
ulation size problem. First, an important concern is thatypation growth may not be sustainable
indefinitely, pointing to the question afhenit may be optimal to take steps to limit it. Indeed, im-
provements in the value of humanity over time, may, or may lm@sustainable, e., may or may
not be followed by a collapse in the standard of living of fetgenerations. The techniques devel-
oped in this paper are most suitable for making comparatateesomparisons across steady-state
populations of different sizes, which is an essential firsp $owards a full dynamic assessment.
The comparison of the 1990 and 2005 world populations detraies that these comparisons
are practical. Second, the empirical application of thes@né paper ignores the value of health,
longevity and education in the definition of welfare, makihg analysis unresponsive to the pleas

8The notion of an optimal size can be seen as going back tortleedf Plato, who quantified the optimal size of
a state to be 5,040 individuals. See also Meade (1955),sr(1967), Dasgupta (1969), Lane (1975), Samuelson
(1975), and Gigliotti (1983) for influential contributions
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in the literature to go beyond income-based measures. Thsurement framework is, however,
perfectly capable of incorporating such other indicatdrthe value of human lives, a task that
should be a natural step forward. Third, the paper indicdte<ritical level below which pop-
ulation growth is welfare-reducing and above which it is fard-increasing. It does not take a
stance on who should ultimately decide on the value of thtecatilevel, what that value should
precisely be, and what frame of reference (the nation-statke world, for instance) should be
appropriate for making normative comparisons of the vafusooieties. This last point is impor-
tant: it may well be, for instance, that a liberalization afyjnation into developed countries may
well increase worldwide welfare more than would pro-féstimeasures in developed countries
and birth control policies in developing ones.

The rest of the paper runs as follows. Section 2 sets the kdgBglJ analytical framework.
Section 3 outlines the estimation procedures. Section dritbes the data and presents the find-
ings. Section 5 concludes briefly. The Appendix presentdtiaddl methodological precisions
and results.

2 Social evaluations when population sizes differ

Consider two populations of different sizes. The smallgryation of sizeM has a vecton
of individual incomeg(as a shorthand for well-being, living standards, or corpgion) and the
larger population with vectoy is of size N, with M < N. Letu := (uy,us,...,up ), Whereuy;
refers to the income of individua) andv := (vy, v ..., vy ), Wherev; is the income of individual
j. To assess the value of the two populations, we let the see@bation functions ofi andv
take the form

W (u;a) = Z (9(u;) — g(a)) (1)
and N
W (v;a) = Z (9(v;) — g(@)), 2)

7j=1
whereg is some increasing monotonic transformation of incomescaigthe critical level. The
smaller population is socially better than the larger oneswithis if and only ifiW (u; ) >
W (v;a). Itis clear from the above that the social value of a popokatemains unchanged if a
new individual with income equal to is added.

Blackorby and Donaldson (1984) show that (1) can be derreed & set of reasonable axioms
for making social evaluations. Their first result is thattimmous Paretian fixed-population social
evaluation rankings can be based on functions of populaio®s and a socially representative
income. Under the additional axiom that the replicationpbpulation, income by income, should
not change that representative income — which is equivatemhposing social separability of

7



individual income utility valuations —, the representatimcome (for a fixed population) can be
M
expressed ag™!' > g(u;). Adding to this thecritical-level population principlethat adding an

individual with inlgémea should not change the value of a society leads to the CLGUifumin
(1) and (2).

By aggregating the differences between transformatiomsidfidual incomes and of a critical
level, CLGU avoids the above-mentioned problems of botmaeand total utilitarianism. The
addition of a new person will be socially profitable if thatrgpen’s income is higher than the
critical level, although that income may not necessarilyhigher thanaverage income The
“repugnant conclusion” is also avoided since it is sociaihdesirable to add individuals with
incomes lower than the critical level, regardless of how yrthere may be of them.

The critical level is clearly a central feature of the CLGU social evaluatiamnfework. It
is called the “value of living” by Broome (1992b). It is dedmd as follows in Trannoy and
Weymark (2009):

“The critical level is the level of income for which it is a ntat of social indifference
to add an additional person with this amount of income. Fostraocieties, this level
will be below the observed average income of the populatibrs also likely to be
below what is regarded as an appropriate value for an alespaverty line”. (p.277)

Why societies should use such a level for social evaluatiopgses is also suggested in John
Stuart Mill’'s classical essa@n Liberty.

“The fact itself, of causing the existence of a human beisgnie of the most respon-
sible actions in the range of human life. To undertake thepoesibility — to bestow
a life which may be either a curse or a blessing — unless thmglmei whom it is to be
bestowed will have at least the ordinary chances of a ddsieaistence, is a crime
against that being.” (Mill 1859 (1962), p.242)

One common form of social evaluation functions is the negatif poverty evaluation func-
tions (or poverty indices) — see for instance Atkinson (198 his suggests that ranking the value
of two populations can be made by ranking the poverty indiééisese two populations. This can
be done by focussing on those income values that fall belomesensoring poinbr poverty line

9Related to this is the analogous notion of a “restricted liiekavka (1982):

“The vexed problem of whether average or total utility maiziation is the appropriate goal remains un-
solved. (...) One approach to evaluating the desirabifistates of society seems especially promising,
in the present context. Let us introduce the notion of a imstt life, a life that is significantly defi-
cient in one or more of the major respects that generally nhakean lives valuable and worth living.
(...) Now, suppose that we adopt the principle that, othiergghbeing equal, conditions of society or
the world are intrinsically undesirable from a moral poifivew to the extent that they involve people
living restricted lives.” (pp. 104-105)



z. We make use of such a censoring point for two reasons. Thaditeat this makes it pos-
sible to integrate the special case of critical-level povemeasurement into the broader CLGU
framework used in this paper. Censoring incomes &t indeed a procedure that is often used
in welfare economics to focus social evaluations on the peaee for instance Blackorby and
Donaldson (1980) for an early example. As we will see beltng €nables us to interpret our
social evaluation orderings as an intersection of poougeed CLGU rankings.

The second reason for using a censoring point is that the Ck@lial evaluation rankings
can then be tested in a dominance framework similar to themppdominance one found in the
literature. To see this, suppose thatand:" are respectively the minimum and the maximum
values of a range of censoring points that are consideredsi@eru, := (u,«,...,«) as the
vectoru expanded to size of populationby addingN — M «’s to u. For any choice of censoring
point z € [z7,27], define the well-known FGT (Foster, Greer, and Thorbecket)]l @8verty
indices of parameter (s > 1) for the population: as

m@sz*<§]z—wfﬂumsZQ, ©

1=1

wherez~ < z < z* andI (+) is an indicator function that takes valuéf its argument is true and
0 if not. The FGT indices for the expanded populatignare given by

P (2)=N"" <Z(z — ) (u; < 2)+ (N —=M)(z—a)* ' T(a< z)> . (4)

i=1

Note that the FGT of the expanded population,

P = R + (1= ) e <), ©

is a weighted average of the usual proportional FGT for thallempopulationu and of the FGT
for its expansion(z — «)*~!. Fors = 1, we have:

NP, (2) = MPy(2) + (N = M) I (o < z), (6)

which is the total poverty headcountinplus the increase in population sizez it «.
Similarly, the FGT index for vectov is defined as

N
=N~ IZ z— ;)" T (v ; < z) wherez™ < z <z, (7
7j=1

The greater the value @t;(z), the lower the social value of. We will see shortly that comparing



P; (z) and P;(z) will enable us to rank the two populations in a robust CLGUrfeavork.

One difficulty with (2) is the form thag should take. We tackle this by consideritigsseof
g functions. These classes are defined with respect to condibf orders. ConsiderC® as the
class of function® — R that ares-times piecewise differentiable and [t _, be defined &8

27 < z<zt,
g*(x) = g*(z) forall x > z,
g*(r) =g*(z7) forall z < =7,

and where(—1)" 228 < 02~ < 2 < zF andVk = 1, ..., s.

dz*

P = {gec

(8)

Also denotelV? _ . as the class of CLGU social evaluation functions wjthe F°_ . and
critical levela. For any vector of income € RY, N > 1, this class is formally defined as:

N
P {W iW(v; a) = Z (9°(vi) — g°(a)) whereg® € F;- . andv € RN} )
i=1

The assumptions made gf and its derivatives enable us to have social evaluation uneas
that are sensitive to income disparities. The first-ordm;sdﬂ/o{,z,’Z+ uses non-decreasing func-
tions g* (see fourth line of (8)) for which an increase in any indiatisiincome must (weakly)
increase social welfare. The evaluation functions thatpareé of this class thus obey the Pareto
principle in addition to being symmetric in income (since form of g* does not depend o#).
The second-order class of indices must in addition obey iheuFDalton principle of transfers,
which postulates that a mean-preserving transfer of inctsoma a higher-income person to a
lower-income person constitutes a social improvements @tgo corresponds to the familiar in-
corporation of inequality aversion into social evaluasipmere expressed through the concavity of
the ¢* function in the fourth line of (8).

Social evaluation functions that are part of the third-orass of evaluation functions must
also be sensitive to favorable composite transfers. Thassfers are such that a beneficial Pigou-
Dalton transfer within the lower part of the distributiomupled with an adverse Pigou-Dalton
transfer within the upper part of the distribution, will hease social welfare, provided that the
variance of the distribution is not increased — see Kolm @)9Kakwani (1980), Davies and
Hoy (1994) and Shorrocks (1987) for formal characterizegiof this transfer principle). Higher-
order indices can be interpreted using the generalizegfeaprinciples of Fishburn and Willig
(1984). Fourth-order social evaluation functions, fotamee, increase following a combination
of a favorable composite transfer within a lower part of tistrtbution and of an unfavorable one
within a higher part of the distribution. Generalized higbeder transfer principles essentially

ONote thatz~ can be set as low as desired; in the application below (Sedjigt is set to the lowest income value
of the two populations being compared.

10



postulate that, asincreases, social evaluation functions become incresRewlisian (Blacko-
rby and Donaldson 1978.
Now define the partial CLGU welfare ordering”” _, by

uzll ove W (wa) > W (via) VW e WS .. (10)
Also denote—*” .+asa partial FGT poverty ordering defined by
u, i‘j}iﬁ v& P (2) —Pl(z) <Oforall 2~ <z <z". (11)

The partial orderingss:"_ _, and3:” | can be defined in the same manner as the inverse of the
orderings—:"V_ _, and=** ., respectively. Formally, we have that

~Q,ZT 2

uZ veW(wa) W (via) VW e WS, 4 (12)
and
u, jiliﬁ v& Py (2) —Pl(z) > 0forall 2~ <z <z". (13)

It is demonstrated in the Appendix that the two partial damite orderingg;"_ . andzs |
are equivalent, for some given value for the critical level

u >SI7/V,7 L VE U, r>\:z*,z+ V. 14

The two partial orderinggfﬂ,vz+ and;jg]f’z+ are also analogously equivalent.

These equivalence results have a number of useful propeffiest, they address explicitly
the link between total poverty and the value of societieskeTd4) for instance. It says that,
for the larger population to dominate the smaller one oMe€BGU functions with critical level
set toa and for all censoring points ifx—, 2], total poverty in the larger population must be
smaller than in the smaller population, when the smalleupadn is expanded wittv. — M
individuals of incomesy. Unlessa is below z~, therefore, this dominance condition demands
that total poverty, over some range of poverty linemust be lower in the larger population than
in the non-expande@maller population. Population size increases must thexdfe combined
with sufficientfalls in proportional poverty for social welfare to rise.

Whens = 1, which corresponds to the most robust CLGU welfare ordstitigs means that
the total number of the poor must fall over some range of ggVeres > € [z, ] for population
size increases to lead to greater social welfare. Otheywmae first-order CLGU indices will
necessarily declare the smaller population to be better.imas comment applies to higher
values ofs, simply by replacing the total number of the poor by the tatabunt of FGT poverty.

When theP; (z) > Pj(z) condition in (13) is checked fot > «, it is total poverty in
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u's expanded population that must be compared. In this case; £ 1, it suffices that the
total number of the poor in the smaller population be largetlie larger population to dominate
— recall (6). For higher values of, lower proportional poverty is not sufficient for the larger
population to dominate: in (5), the FGT of the expanded pajrh may be lower than the usual
proportional FGT for the smaller population.

Linking social welfare and total/proportional poverty is@ interesting from the converse
perspective of establishing dominance of the smaller @amrd. From (5), it is clear that it isot
enoughthat proportional poverty be lower in the smaller populafior this to happen. For =1
for instance, (6) says that it is not enough that the propoatipoverty headcount — and thus that
the total number of the poor — be larger in the larger popaoitafor the smaller population to
dominate. It must also be that the cost of flie- M additional lives in the larger population not
be too low. This cost will be low if théz — o)*~ ' (o < 2) term in (5) is large.

Alternatively, (5) can be understood as the weighted aweo@the poverty cost of the smaller
population (measured in a total FGT fashion) and of the dppdy cost of having a lower popu-
lation (measured by total FGT with incomes setWo (5) is therefore a weighted average of the
value (here measured negatively as a cost) of the qualitpatige quantity of lives. It says that
the smaller population will dominate if its higher quality lves is sufficient to offset its lower
guantity of them.

The equivalence results can also serve to show the tensibexists between total and average
utilitarianism, and how CLGU helps ease such a tension, Isotleow CLGU cannot be viewed
as a middle view between the two traditional approaches. e€otlsis, consider the following
decomposition of the difference between the FGT dominaooees:

M M—N
P = Pt = g 4 (B - pie) + (M) piee (15)
pr0porti3nal effect T offoct ~
—F(l—%) {(Z—a)8—1]<04§2)}4. (16)

critical level effect

Again, the combination of (15) and (16) is a weighted averEgée value of population quality
and quantity. Total and average utilitarianism clash wienguantity of lives varies. The tradeoff
is shown on the right-hand-side of (15). The first term is a wmm-quantity effect, or g@ro-
portional effect it measures the advantage of the larger population in tefrttse quality of its
population, ignoring differences in total population siz&he second term in (15) is a common-
quality effect, or aotal effect it measures the poverty disadvantage of the larger papuolat
terms of the quantity of its population, setting proporéibpoverty constant across the two pop-
ulations. These terms can take different signs, in whick ¢atsl and average utilitarianism (and
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total and proportional poverty) may rank the populatiorfeedently. Thetotal effectis always
negative: for a given proportional poverty, the welfare artpnce of that poverty is larger for
larger population sizes. But throportional effectcan certainly be positive — implying that,
were it not for population size differences, poverty in thgger population would be lower.

The (16) term shows how tlaitical-level effecialways positive) may tilt the balance in favor
of the proportional effect, or may also ggainstboth the proportional and the total effects. The
lower the value ofy, the more likely will the larger population tend to CLGU dorate the smaller
one — this is true regardless of the contributions of the pribpnal and total effects. Moreover,
even though a (negative) proportional effect may favor thalker population (in addition to the
negative total effect), it may still be that the larger patigdn will CLGU dominate the smaller
one. This would be because the case the valuation of theiyuahlives is sufficiently large. In
such a case, both the proportional and the total views woailgversed by CLGU.

The above results can also be used to make a social welfageirggdoased exclusively on
population sizes — recall the quote from Heyd (1992) on pagedJding only differences in
population sizes to order distributions can be made byngstonditions (11) and (13) fax =
2z~ = 0. This boils down to checking the sign of — M. It is clear that the conditions make
no use of the distribution of incomes, and thus of informaim the quality of lives, which is
consistent with the view that the number of lives is then éxéclographically prevailing criterion.

3 Robust ranges of critical levels

The previous section addresses the difficulty of specifgrfgrm for the CLGUg function
through an extension of relatively standard stochasticidance techniques. It assumes, however,
a particular value for the critical level. As the literature provides little guidance on such a value,
it is useful to extend the dominance techniques to assessuweh values ofx it is possible to
rank the social value of two populations.

This we do by estimating the lower and upper bounds of ranfjestical levels over which
a CLGU social ranking can be ma#eThe intuition is relatively simple. Assume that (14) holds
for some value ofr = «, and therefore that populatianCLGU dominates population at ay.
Since (7) is invariant with respect toand since (4) is decreasing with (14) will also hold with
higher valuesy > «ay. (14) may not, however, hold at values @flower thana,. The lowest
value ofa for which (14) holds will set a lower bound to the range oficat levels for which the
smaller population dominates the larger one. An analogooseplure is used for estimating an
upper bound to the range of critical levels for which the éargopulation CLGU dominates the
smaller one.

11Using ranges of critical levels has also been suggestedickBtby, Bossert, and Donaldson (1996) and Trannoy
and Weymark (2009).
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To see this formally, definé” and G as the distribution functions of the data processes that
generatar andv respectively. Lety, anda® be defined respectively as follows:

a; = max{a|P; (z) > Pa(2) forall 2z~ <z <z"} (17)

and
o’ = min{a| Py, (2) < Pg(z) forall 2~ < 2 < 27}, (18)

Defined as suchy, is the maximum value of the critical level for which the larg@pulationv
dominates the smaller populatienat orders, whereasy® is the minimum value of the critical
level for which the populatiom dominates the populationat orders.

The definitions (17) and (18) are illustrated graphicallyrigures 1 and 2 fos = 1. Figure 1
supposes that the larger populatiomominates the lower populatianfor a range of censoring
points between 0 and;. This is equivalent to saying that the absolute povertydecce curve
(which gives the absolute number of poor individuals) isdown the larger population for all
poverty lines between 0 and ; this is also equivalent to finding that the cumulative disttion
function GG lies under the cumulative distribution functi@éF. At «q, the two functions cross
andv does not dominata when the critical level is set to a valuethat is greater than; (such
asay). For all lower values ofr and for all censoring points up to", v first-order dominates.
Formally, this says that S, v foralla < a.

Figure 2 presents the symmetric case by supposing that sodudd of number of poor individ-
uals is lower in the smaller populatianthan in the larger population for a range of censoring
points between 0 and"™. That is, however, not sufficient for the smaller populatiorCLGU
dominate the larger one: we also require thatot be lower tham!'. This is also equivalent to
finding that the cumulative distribution functigs lies above the cumulative distribution func-
tion £, for all « larger tham!. At z = o!, G and F,, cross. Henceu first-order dominates
for all critical levels set above' and for all censoring points up to". Formally, this says that
uz" _vforalla > o'

~a,0,z

4  Application using PovcalNet data

4.1 Data description

The global assessment of poverty and welfare has generated mterest in the academic
literature. This interest is nicely reviewed in Anand ang@€2008), which also discusses the
important measurement and data issues that must be dealtviich of the recent academic de-
bate has usefully focussed on several of these issues, pladekhow their treatment affects the
portrait of global poverty. This includes the choice of adigator of well-being (typically con-
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sumption and/or income, scaled for economies of scaledeatly functioningsandcapabilitieg,
adjusting for differences in prices and consumption bejraacross time and space (using esti-
mates of purchasing power parities and/or local consumptiizes indices), the choice of a global
poverty line, reliance on household survey data only (orational accounts also), distinguishing
between inequality and poverty and between absolute aativeelpoverty, and country weight-
ing versusindividual weighting of the poverty estimates. Some of the@recent contributions
include Dikhanov and Ward (2001), Chen and Ravallion (20Rtilanovic (2002), Bourguignon
and Morrisson (2002) Sala-i-Martin (2002), Chen and Ramal{(2004), Sala-i-Martin (2006),
Chen and Ravallion (2010), and Deaton (2010).

In this application, we mostly abstract from these impdrtaamceptual and measurement is-
sues, except for a rather fundamental one, which has geddrath interest and a sense of insatis-
faction. Much of the recent evidence indeed reports opptrghds in how the number of the poor
changewersushow the percentage of the poor varies across time, globallgoally — see for
instance Dikhanov and Ward (2001), Bourguignon and Masrig2002), and Chen and Raval-
lion (2010) for important examples. This is indeed a troogploutcome, which inevitably leads
to some confusion when it comes, for instance, to evaludatiagoverty effect of development.
More fundamentally, and as discussed above, neither oé thiesolute/relative statistics may in
fact be sufficient to assess how the value of humanity has &emaing from a social evaluation
perspective.

Related to this is the important issue of whether povertycégdn objectives should be set
on the basis of changes in proportions of the poor as opposdgthnges in the numbers of them.
This issue has in fact played an influential role in the eghbient of the Millenium Development
Goals, as stated in Pogge (2008):

“At the 1996 World Food Summit (WFS) in Rome, 186 governmentamised to
halve, by 2015, the number of people in severe poverty. Infitse UN Millen-
nium Development Goal (MDG-1) they then promised to halee'poportion of the
world’s people’ living in poverty. Later reformulations MDG-1 backdate its base-
line from 2000 to 1990 and also replace ‘world’s people’ vilie population of the
developing countries.

So there were three successive targets: (1) the WFS tambtlte, over 19 years,
the number of poor worldwide, which implies a 3.58 per cemiLeah reduction in this
number; (2) MDG-1 as adopted: to halve, over 15 years, thpgution of poor in
world population, which implies a 3.40 per cent annual réidacin the number of
poor; and (3) MDG-1 as reformulated: to halve, over 25 ydaesproportion of poor
in the developing world, which implies a 1.28 per cent anmedlction in the number
of poor worldwide. The last and now official target is so muetslambitious because
— thanks to 1990-2015 population growth of 45 per cent in taaetbping world —
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the number of poor needs to be reduced by only 27.5 per cent.”

The CLGU framework developed can fortunately help addresse difficulties in a consis-
tent social welfare framework. The data we use come fromivirgylstandard household surveys
carried out in most developing countries of the world dutimg last two decades. They are avail-
able on the World Bank's PovcalNet website in the form of geedi income distributions. We
use the PovcalNet software tools to extract the groupedniecdistribution data for all avail-
able developing countries and then generate samples ofdodi-level microdata at the national
level. This is done by means of Shorrocks and Wan (2009)srikgn (which is programmed
in the freely availabldistributive Analysis Stata Program- see Araar and Duclos (2007)). A
sample of 1,000 observations is generated for every datAgetal of 173 countries (114 devel-
oping countries and 59 high-income countries) are includezstimate the world distribution of
income/consumption (depending on the datasets) for 199@@05. The Appendix draws up the
list of the high-income countries that are included, theallgping countries that are excluded, and
those developing countries for which we have only one survey

The income (for short, although consumption is more fretjyarsed) levels are expressed
in yearly per capita2005 PPP (purchasing power parity) US dollars. Whenevetasdafor a
particular country is not available for 1990 or 2005, therastdataset for that country is used and
the income data are extrapolated or interpolated to 199@0% 2sing the relevant GDP growth
estimates found in http://databank.worldbank.org/ddpib.do?Step=12&id=4&CNO=2

Whenever PovcalNet does not provide estimates of totallptipo sizes, the information is
obtained from http://www.indexmundi.com/. We sometimagroup countries into World-Bank-
defined regions, identified as East Asia and Pacific (EAPpiand Central Asia (ECA), Latin
America and the Caribbean (LAC), Middle East and North Ar{dMENA), South Asia (SA)
and Sub-Saharan Africa (SSA)- is set to the minimum income of the two populations being
compared. For the purposes of this paper, the upper bourtteafensoring pointx(") is often
set to $2,000, with the implicit assumption that the raf®@ $2,000 contains the appropriate
censoring points for assessing global welfare and povérhen focussing on a particular country
(or group of countries);* is set to a value around or higher than the 80th quantile. V¢heh a
relatively high value o™ does not allow the computation of estimatesor o, it is decreased
to check if such estimates do exist for lower valuesof

Using this, humanity’s population size is estimated to 108 Billion in 1990 and 6.16 billionin
2005, and average income in the developing world is estirtatbe $1,068 in 1990 and $1,524 in
2005. Estimated population sizes and average incomes lmneegre shown in Table 1. The ECA
and LAC regions are those with the higher average incomes1980-2005 period saw a reversal
of the average income rankings of EAP and SSA (due in part toa&hhigher growth). SA has
had an average income growth rate four times higher thati&8A. Except for MENA and SSA,
all regions in Table 1 have seen average income growth ratesst no lower than population
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growth rates. The developing world has seen increases inlgtgn size (25%) and in average
income (43%) that are both higher than for the entire worRI%20 and 30%, respectively).

4.2 Dominance of large over small

Given this, can we tell whether the value of humanity hasdased between 1990 and 20057
A first answer is given by simply drawing thebsolutepoverty incidence curves/ PL(z) and
NPL(z) over the range of censoring points specified above. This e dm Figure 3. The
global absolute number of poor is lower in 2005 for all poydimes up to $1,288 (including
at $456, which corresponds to $1.25 per day, and which isnardlie poverty line often used
in international comparisons). Graphing the absolute remalb the poor in the expanded 1990
population,N P}, (z), using a critical level set ta' = $1,288 shows that there is first-order
CLGU dominance of humanity in 2005 over humanity of 1990. deg in mind the earlier
discussion, this also says that all first-order CLGU funwdiavith critical levels no higher than
$1,288 will necessarily evaluate 2005 better than 1990maty, we have that990 3%, ¢.000
2005 for all o < $1, 288.

This is a powerful result obtained simply from a straightfard inspection of the absolute
poverty incidence curves. Table 2 repeats this exerciséhtowvarious regions and for various
orders of CLGU dominance, namely, it provides estimatefefupper bounds of the ranges of
critical levels for which 2005 dominates 1990 for more riegtd classes of CLGU functions and
for specific regions. We do not provide estimates for the EQA KIENA regions as there is
no dominance relations between 1990 and 2005 for thesen®ghs seen with Figure 3, at any
critical level lower than $1,288, we can assert that globalfave has robustly increased between
1990 and 2005 in spite of the significant increase in worlduyteon size. Table 2 shows that
the dominance of 2005 over 1990 is stronger for the EAP regiahthe entire world than it is
for the LAC and the SSA regions. For instance, any critica¢leo greater than $2,242 leads to
first-order dominance of EAP in 2005 over EAP in 1990. To codelthat LAC in 2005 is better
than in 1990 requires lower values ©f at first-order for instance, one would need to assume a
critical level no greater than $827.

As the order of dominance increases, the set of orderedldistns that can be ranked be-
comes larger. Also, once a lower-order CLGU dominance rapkietween two distributions is
established, higher-order dominance between these twibdisons also holds up to a higher up-
per bound for the range of critical levels. This is visibleTable 2 and also discussed briefly in
the Appendix.

An example of a social evaluation index in the clagg,, ., is the critical-level utilitarian
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social evaluation index defined as

M
Z (uf — o” (29
i=1
and
N
U —af (20)

j=1

The above notation* says thatr is censored ta if = exceeds the censoring poifitotherwise,

x remains unchanged. Table 4 shows valueg ofhen the critical level is equal @, and when

it takes a valuex abovea,. We see that for some of these higher values of the critical,le
the world in 1990 has greater value than in 2005. Howeversiual social evaluation functions
based on total and average utilitarianism unambiguoustiade that the world in 2005 is better
than in 1990 — the estimates for 1990 and 2005 are respectifeb4430 billion and $7870
billion for 1990 and 2005 in the case of total utilitarianisand of $1,068 and $1,524 for average
utilitarianism.

4.3 Dominance of small over large

It can also be that population size increases leads to a veoxgal evaluation. This is the
case for some groups of countries in ECA and SSA, where we stamae am? critical level
value above which 1990 necessarily dominates 2005. To shisywwe consider a group of 15
countries in ECA and 10 countries in SSA. In ECA, this inceid@®larus, Bulgaria, the Czech
Republic, Estonia, Hungary, Kazakhstan, the Kyrgyz Reapulbatvia, Macedonia, Moldova,
Poland, Romania, Slovakia, Slovenia and Uzbekistan. TI&SKcountries are made of Burundi,
Comoros, the Congo Republic, Cote d’lvoire, Ghana, Lihdviali, Niger, Rwanda and Tanzania.

The results are shown in Table 3. Using a range of censorimgsois set tg0, $3,000 for the
joint set of those countries, Table 3 shows that all firsteoildLGU evaluation functions fall in
those countries between 1990 and 2005 for any critical leVelo lower than $566 — this seems
to be a relatively convincing case that social welfare clmtate robustly in spite of a substantial
increase in population size between 1990 and 2005. For@hskorder CLGU functions.¢.,
those that penalize inequality), this is true for any caitievelo! no lower than $333.

The dominance of 1990 over 2005 is less strong for the grolfDdBSA countries. For a
range of censoring points set[® $1,000, no critical level makes all first-order CLGU functions
be larger in 1990 than in 2005. Restricting those functionsequality-penalizing ones, however,
makes 1990 better than 2005 for all critical levels largemtl$487. There is much stronger
evidence that 1990 dominates 2005 for the group of 15 ECA tcesn this is the case for all
censoring points betweef, $4,500, for all first-order CLGU functions, and for all values large
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than $182. Hence, despite the finding that 1990 can reaspheldeclared globally better than
2005, it is quite clear that social welfare in some groupsonintries has deteriorated during the
last decades.

This is also true for some individual countries. For mostadeping countries of the world,
the Appendix provides the estimated values of the boundseafanges of critical levels for which
1990 dominates 2005, or the reverse. For some countrids bgwmds cannot be estimated since
a dominance relation does not exiétThere are also 17 countries in the developing world that
have a larger population in 1990 than in 2005; these are Adbarmenia, Belarus, Bosnia,
Bulgaria, Crotia, the Czech Republic, Estonia, Georgiapdiduy, Kazakhstan, Latvia, Lithuania,
Moldova, Romania, Russia and Ukraine. Our estimates diyauggest that more than half of
these population-declining countries have also expee@iacfall in social welfare between 1990
and 2005.

4.4 Comparison between CLGU and traditional approaches

CLGU evaluations can also lead to social assessments fifet stiarkly from those of tra-
ditional approaches. Consider again the above group ofteeldeCA and SSA countries. As
shown in Figure 4, the cumulative distribution functi%nF lies everywhere under the the cumu-
lative distribution functionz. This says that the absolute number of poor people in 19%verl
than the absolute number of poor people in 2005, suggestatgocial welfare is higher in 1990.
A similar conclusion applies when usingpar capitaapproach: sincé’ is everywhere undef,
the proportional number of poor people is lower in 1990, yimg that 1990 is again better than
2005.

Suppose instead that we use CLGU for social evaluation gegpd-or any critical level value
greater than $566, we also conclude that there has been atingiy robust decline in social
welfare between 1990 and 2005 in parts of the ECA and SSAmegut this is not the case for
critical level values lower than $566. Some of the first-or@eGU social evaluation functions
will indeed rank 2005 better if we assign levels lower thaf&® thevalue of living A similar
conclusion applies to higher orders of dominance.

For instance, let us consider again the censored critvalUtilitarian social evaluation index,
that is,

Wiwa) =3 (4 - o) (21)

2Altogether, this concerns 17 countries: Azerbaijan, BedaMacedonia and Russia in the ECA region; Guyana,
Bolivia, Haiti, Honduras, Paraguay and Peru in the LAC ragidorroco in the MENA region; and Coéte d’lvoire,
Ghana, Niger, Rwanda, and Tanzania in the SSA region.



and
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M

For some value of no greater than™, suppose thaE vi > ) uj. For avalue ofy such that
j=1 i=1

W (v;ag) > W (u; ap); we then have

1 N M

This relation gives in fact the set of valueg for the critical level for which the larger population
has a higher censored critical-level utilitarian valuec&ese the maximum value of, in (23) is

N M N M

i ~2 1 ica A2
_§1vj.— > 1: ui |, we can verify thatv® > _§1v;— § 1: u? |. Otherwisea” could
J]= 1= 1= 1=

not be the lower bound of the range of critical levels thathletsmaller population dominate the
larger one at second-order — this is because the critival-ldilitarian index is a member of the
second-order class of CLGU functions.

To illustrate these relations, consider again the caseeoithearlier SSA countries. In Table
3, the value ofy? is $487. As discussed above, this says that 1990 is robustigrithan 2005
only for critical levels higher than $487, despite the faettttraditionaper capitaand total social
evaluation approaches will rank 1990 unambiguously bettdirst-order of (censored) welfare
dominance. For a censoring poinget to $900, we find a range of critical levelsequal[0, $467.
This says that the (censored) critical-level utilitariadices of the types (21) and (22) will rank
2005 better than 1990 for all critical levels lower than $46foving the censoring point up to
$1,000 and still using a value af, equal to $467, total critical-level utility amounts to $403
million for 1990 and $408 million for 2005. Again, the seledtSSA countries can be deemed
better in 2005 than in 1990, although the 2005 populatiorsduwd CLGU dominate the 1990
population. All this serves to illustrate how the usual fage and total) social evaluation (and
dominance) rankings mayommonlyconflict with those obtained with CLGU.

Figure 5 illustrates another situation that often occurSSA. As shown by Chen and Raval-
lion (2010)’s empirical results, the proportional poverdye has fallen recently in SSA while the
absolute number of the poor has gone up — due the relativgly flaite of population growth in
SSA. Let us consider three such SSA countries, Cote d’lv@reana and Mali. Over a range of
censoring points™ up to $1,000, we find that between 1990 and 2005 that the piopal num-
ber of poor people has declined, but that the absolute nuoflpgor people has increased. The
curves are shown in Figure 5. Robust CLGU evaluations dethet 1990 is better than 2005 for
any critical level higher than $1,000. This is in accordatacthe total poverty view that the situa-
tion of some countries in SSA has deteriorated over the kstades because there are more poor
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people. For a critical level value lower than $1,000, howgwelfare in these three SSA countries
can be shown to be higher in 2005 for some total social evialuatdices. This is because values
of & < $1000 would push theP; (z) curve (given byM /NF(z) + (1 — M/N)I (« < z) above
PL(z) (given byG(z)) in Figure 5.

To see CLGU valuations with critical levels below $1000 m&sh, let the functiory in (1)
be defined ag (u) = “— for any incomeu. (This is the well-known homothetic social utility
function popularized by Kolm (1969) and Atkinson (1970).)> 0 provides the relative inequal-
ity aversion value. It is convenient to express social welfa units of anequally distributed
equivalent incoméEDE), viz, the equally distributed level of income that gives the séawael of
social welfare’® Fore =0 anda =$650, the social valuation of Céte d’Ivoire, Ghana and Mali
equals -$6 million for 1990 and -$1 million for 2005. Expredsn EDE units, this gives $639 for
1990 and $650 for 2005. Hence, social welfare has incre&sed. =0.5 anda =$650, the EDE
estimate is $2,454 and $2,441 for 1990 and 2005 respectsagling that 1990 is then better than
2005. Incorporating aversion to inequality into utiliEamiassessments of welfare gives relatively

l—¢

more importance to lower incomes and then gives preferemtieet earlier distribution (since it
CLGU dominates the larger 2005 population at lowgerHence, for a critical level value below
the lower bound of $1000, two different CLGU functions, batembers of the clasg’, . _.,
can give opposite rankings to 1990 and 2005, depending atetiree of aversion to the inequality
of individuals below that critical value.

4.5 Decomposing the change in the absolute number of the poor

Many of the numerous techniques that have been applieddibidraal poverty measures (such
as for poverty profiling and decompositions, computatiohgrowth/inequality elasticities, tar-
geting algorithms, poverty impacts of price changss) can also be applied to the expressions
introduced above, such a$P;3(z) and N P;(z). One technique that has been quite popular is the
growth-redistribution decomposition introduced by DaitldRavallion (1992). It is useful to ex-
tend it here to a population-growth-redistribution setiimorder to assess the respective effects of
population/income/inequality changes on the above 19HI5ZLGU dominance comparisons.

13The EDE foru andv are respectively defined as

1
M T—<
1 N-M
EDE, = {N > ulTt (T) al—g}
i=1

and
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We can for instance express sequentially the movement fldj (z) to N PL(z) as
NPy (2) = MPy(2) + (N = M)Py(2) + Aupg(2) + Dig(2) + Duig (2) + Airi(2),  (24)

where:

e (N — M)PL(z) is the change in 1990's total number of the poor obtained biirggit up
by the 1990-2005 increase in world population (givem\by- M);

e A, (2) is the change in that total number obtained once 1990-2G@5etitial population
growth rates across countries are introduced;

e A, (2)is the subsequent change in the global number of the podnebitevhen all incomes
are uniformly scaled up by the global income growth rate oleskbetween 1990 and 2005;

o A,,(2) is the subsequent change obtained once 1990-2005 differiecome growth rates
across countries are introduced;

e andA;,(z) is the final change obtained in the total number of the pooe dri90-2005
changes in within-country income distributions are introed.

(N — M)PL(z) gives a “pure population effect’,,(z) provides a “pure income growth effect”;
andA,,, (), Ayy(2), Airi(2) give a “redistribution effect”, either over population sés, across-
country income shares, or within-country income shares.

Table 5 shows the decomposition resultsis set to $1288 since this is where the absolute
numbers of the poor are equal in 1990 and in 2005. 3.33 bilhidividuals are then considered
to be poor. Since the world population growth rate betweed0l#hd 2005 is around 22%, the
world population effect scales that number up by 0.74 billp@ople. Population growth rates in
poorer countries were, however, larger than those of riones, and this differential population
growth effect has led to a further increase in the global nremd§ poor of about 130 million
people A\, (2)). World per capitaincome grew by 30% between 1990 and 2005, and this has
led to a fall in the number of poor individuals of about 600lmit (A, (z)). Poor countries grew
on average more rapidly than richer countries, and thisdesdfall in the global number of poor
by 1 billion (A, (2)). Finally, within-country income distribution have geally become less
equal, leading to an increase in the global number of poopleeaf about 800 million 4 ;;(2)).

It is interesting to note that the unequal income growthatféxceeds both the total population
effect and the world income growth effect. The second larg#sct is the within-country income
redistribution effect. That effect exceeds the world ineognowth effect and is almost as strong
as the sum of the two population effects.
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5 Conclusion

This paper uses and extends an attractive but relativég-khown social evaluation approach
to overcome the important flaws of traditional social assesgs based on various forms of total
and average utilitarianism. It develops dominance ratatior critical-level generalized utilitari-
anism that are sufficiently general to allow for differerdsdes of attitudes to inequality, different
levels of focus on the poorer (through different extentsarisoring of incomes), in addition to
different views on what critical level (the so-callgdlue of living should be used to make so-
cial evaluations. A special case (total generalized atibinism) is obtained when that critical
level is set to zero. That, however, makes social evalusitsoffer from Parfit (1984)’s repug-
nant conclusion. Another important special case (averagerglized utilitarianism) is obtained
when differences in population sizes are ignored; this,dvar can lead to anti-population-biased
social assessments. A further special case is obtained sdwal assessment is based only on
differences in population sizes; this, however, takes ot of the distribution of incomes, and
can lead to the promotion of extreme instances of the repugrmenclusion.

The CLGU dominance conditions are nicely tied to total arapprtional poverty dominance.
As in the traditional poverty and social welfare dominanterdture, the conditions allow domi-
nance tests of arbitrary orders that involve ranges of ptesshoices of poverty lines (or censoring
points) as well as (in a CLGU context) ranges of possibleasfor critical levels.

We apply this framework to data on the global distributiorirafome to assess whether the
value of humanitycan be persuasively shown to have increased between 19920&53%d The
answer isyesif and only if we are willing to judge that lives wither capitayearly consumption
of more than $1,288ecessarily increasthe value of humanity. The same conclusion applies to
Sub-Saharan Africa if and only if we are willing to make thatrge judgement for lives withny
level of per capitayearly consumption above $230. If not, we arrive at the ofgpa®nclusion
that the value of humanity has decreased during this pedpdtfleast some of the admissible
CLGU functions.

Whether these values of the critical levels are reasonatdagh to make a firm judgement
on the evolution of humanity is open to debate (see for itgtaflugman, Rodriguez, and Choi
(forthcoming)). For reference, note that Maddison (20183.2005-PPP $570-$640 as a subsis-
tence estimate gber capitaincome from 1 AD onwards, that Bairoch (1993) estimates & bar
subsistence minimum of around 2005-PPP $420, and that Bdek#ipson, and Soares (2005)
calibrate the value of life expectancy using a level of ineoat which an individual would be
indifferent between being dead and alive set to about 20@B-$486 prices. This would support
the view that the value of humanity has globally and robusityeased between 1990 and 2005
(Table 2), that there are some CLGU evaluation functionswloaild declare total social welfare
to have fallen in sub-Saharan Africa (Table 2), and that tdaesof humanity has globally and
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robustly fallen between 1990 and 2005 for some countrieglirSaharan Africa and Europe and
Central Asia (Table 3).

We also examine how and why CLGU assessments and traditmtagdbndper capitasocial
evaluation approaches can conflict in theory, and do confligiractice. Among other things,
this rationalizes the important claim often made that thgasion of some countries in the world
may have deteriorated over the last decades because therevamore poor people than before,
although their proportion in the total population may wedl/k fallen.
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Figure 1: Large dominates small: Poverty incidence curviéls av = «; and adjusted for differ-
ences in population sizes

Foy (2)

=S

25



Figure 2: Small dominates large: Poverty incidence cunviéis w= o' adjusted for differences
in population sizes
Fo(z)

G(2)
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Figure 3: World in 2005 CLGU-dominates world in 1990
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Figure 4: 1990 first-order CLGU dominates 2005 for a group®ECA and 10 SSA countries,
for all critical levels beyond $566
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Figure 5: The increase in the absolute number of the poos lEa@LGU dominance of 1990 over
2005 in three SSA countries
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Table 1: Population sizes and average incomes by regiod, RB® USD

Population (in millions),  Growth in Average incomeg  Growth in
Regions 1990 2005 population sizeg| 1990 | 2005 | average incomg
EAP 1,540 1,810 18% 580 | 1,520 162%
ECA 458 464 1% 2,577 3,181 23%
LAC 393 497 26% 2,388 3,020 26%
MENA 186 247 33% 1,776 1,856 5%
SA 1,110 1,450 30% 491 714 45%
SSA 463 695 50% 721 801 11%
Developing world| 4,150 5,170 25% 1,068| 1,524 43%

[ Entreworld | 5278 | 6,468 | 225% | 6797] 8826 |  30%

Table 2: Estimates of the upper bounds of critical levelsap/hich 2005 dominates 1990, by
region and order of CLGU dominance

5 EAP LAC SA SSA World
Qs Qs Qs Qs Qs
s=1 2,242 827 674 230 1,288
5§=2 6,620 1,148 1140 355 2,602
5=3 10,000 1,497 1666 470 3,443

Note: All critical levels are in 2005 PPP US dollars
2t =%$10,000 for EAPzT = $3,500 for LAC,z™ = $3,500 for SA,
2t =$1,000 for SSA and™ = $3,500 for World.

Table 3: Estimation of lower bounds: small dominates large

s ECA (15) SSA (10) ECA&SSA
s=1 182 - 566
5 =2 182 487 333
s=3 136 394 303

Note: All critical levels are in 2005 PPP US dollars
2T = $4,500 for ECA(lS),zJr = $1,000 for SSA(lO),
2T = $3,000 for ECA(15)+SSA(10).
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Table 4: Values of the utilitarian social evaluation indexKillion $)

Year EAP LAC SSA World
21t=8,000 21t =1,800 2zt =400 2+ =3,000
o =6,620| «=6,710| &9 =1,148| «=1,700| &5 =355| «=385| &9 =2,602| « =2,730
1990 -9297 -9435 63 -154 -18.38 -32,28 -7263 -7794
2005 -9279 -9443 120 -155 -11.57 -32.41 -7142 -7804

Table 5: Total numbers of poor in 1990 and 2005, and changésese numbers induced by

population, income and redistributive effects (in billjon

1990 Population effects Income effect| Redistribution effects 2005
MPy(2) [ (N = M)Pi(2) [ Auy(2) Aiy(2) Aug(2) [ Aii(2) [ NPJ(2)
| 2 =91288 | 3.334 | 0746 | 0127 | -0.265 | -0.686| 0.806 | 3.337 |
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6 Appendix

6.1 Ciritical level bounds for developing countries

Country Larger population z* Estimated bound Change in welfare
A

Albania 1990 2000 al= 296 Improvement ifo > !
Algeria 2005 2500 a1= 2130 Improvement ifae > &,
Angola 2005 1500 a1= 389 Improvement ifa > &,
Armenia 1990 2500 a1= 185 Deterioration ifae < &
Azerbaijan 2005 3000 ? ?

B

Bangladesh 2005 1000 &;=519 Improvement ifa. < &
Belarus 1990 4000 ? ?

Benin 2005 1000 a1= 509 Improvement ifa. < &
Bhutan 2005 2000 1= 1646 Improvement ifae < a
Bolivia 2005 2500 ? ?

Bosnia 1990 4500 a'= 333 Improvement ifo > !
Botswana 2005 3500 a;= 2270 Improvement ifa. < &
Brazil 2005 4000 a1= 1352 Improvement ifa < &,
Bulgaria 1990 9500 o= 7828 Deterioration ifae < &
Burkina Faso 2005 1000 1= 408 Improvement ifa. < &
Burundi 2005 1000 1= 125 Improvement ifa. < &
C

Cambodia 2005 1000 a1= 598 Improvement ifa < &,
Cameroon 2005 1500 1= 985 Improvement ifa. < &
Cape Verde 2005 2000 &;= 1550 Improvement ifa. < &
Central African Rep. 2005 1000 a1= 407 Improvement ifa < &,
Chad 2005 1000 a1= 652 Improvement ifa < &,
Chile 2005 5500 1= 3841 Improvement ifae < &
China 2005 3000 o= 2481 Improvement ifa < &,
Colombia 2005 5000 A&'= 1481 Improvement ifo > &'
Comoros 2005 1500 1= 267 Improvement ifae < a
Congo 2005 1000 o= 310 Improvement ifae < a
Congo Dem. Rep. 2005 1000 a&'= 556 Deterioration ifa > &*
Costa Rica 2005 4000 ay= 2216 Improvement ifa. < &
Céte d’lvoire 2005 1500 ? ?

Crotia 1990 9000 A&'=4815 Improvement ifa > &'
Czech Rep. 1990 8000 &= 1856 Deterioration ifa < ¢
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Country Larger population z* Estimated bound Change in welfare

D, E

Djibouti 2005 3000 at= 889 Deterioration ifa > &*
Dominican Rep. 2005 5000 = 2179 Improvement ifo < &
Ecuador 2005 5000 a1= 390 Improvement ifo < &,
Egypt 2005 2000 o= 781 Improvement ifa. < &,
El Salvador 2005 4000 Q1= 687 Improvement ifo < &,
Estonia 1990 7000 1= 5372 Deterioration ifa < &y
Ethiopia 2005 1000 a1= 407 Improvement ifo < &,
F,G

Gabon 2005 2500 1= 799 Improvement ifo < &
Gambia 2005 1500 1= 702 Improvement ifo < &
Georgia 1990 2000 a;= 211 Deterioration ifae < a4
Ghana 2005 1000 ? ?
Guatemala 2005 3000 a1= 1393 Improvement ifo < &
Guinea 2005 1000 a1= 399 Improvement ifo < &,
Guinea Bissau 2005 1500 o= 295 Improvement ifo < &,
Guyana 2005 1500 ? ?

H, |

Haiti 2005 1500 ? ?
Honduras 2005 3000 ? ?
Hungary 1990 9000 o= 7381 Deterioration ifa < ¢
India 2005 1500 Q1= 574 Improvement ifo < &
Indonesia 2005 1500 o= 945 Improvement ifo < &,
Iran 2005 5000 a1= 920 Improvement ifo < &,
J,K,L

Jaimaca 2005 5000 o= 1201 Improvement ifo < &,
Jordan 2005 4000 a;= 1200 Improvement ifo < &,
Kazakhstan 1990 9000 1= 6882 Deterioration ifa < &,
kenya 2005 2000 a1= 650 Improvement ifo. < &
Kyrgyzstan 2005 3000 al= 444 Deterioration ifa > a*
Lao republic 2005 1000 1= 602 Improvement ifo < &,
Latvia 1990 10000 &;= 8684.97 Deterioration ifa < ¢,
Lesotho 2005 1500 ay=736.29 Improvement ifo < &
Liberia 2005 1000  A&'=259.25 Deterioration ifa > &'
Lithuania 1990 6000 A&'= 1259.26 Improvement ifa > &'
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Country Larger population z* Estimated bound Change in welfare
M, N

Macedonia 2005 6000 ? ?
Madagascar 2005 1000 A&a;=194 Improvement ifo < &
Malawi 2005 1000 o= 354 Improvement ifo < &,
Malaysia 2005 5000 1= 469 Improvement ifo < &,
Mali 2005 1000 al= 426 Deterioration ifa > &*
Mauritania 2005 1500 Q= 947 Improvement ifo. < &
Mexico 2005 8000 o= 2703 Improvement ifo < &,
Moldova Republic 1990 2000 a&'=519 Improvement ifo > a!
Mongolia 2005 2000 at= 504 Deterioration ifa: > &
Morocco 2005 4000 ? ?
Mozambique 2005 1000 o= 375 Improvement ifo < &,
Namibia 2005 3500 1= 632 Improvement ifo < &
Nepal 2005 1000 o= 489 Improvement ifo < &,
Nicaragua 2005 4000 ;= 1057 Improvement ifo < &,
Niger 2005 1000 ? ?

Nigeria 2005 1500 =173 Improvement ifo < &,
P,Q,R

Pakistan 2005 1500 o= T16 Improvement ifo < &,
Panama 2005 7000 &= 2030 Improvement ifo. < &
Papua New Guinea 2005 2000 @&;=578 Improvement ifo < &
Paraguay 2005 5000 ? ?

Peru 2005 5000 ? ?
Philippines 2005 2000 a1= 213 Improvement ifa < &4
Poland 2005 7000  A'=537 Deterioration ifa > !
Romania 1990 7000 a;= 5874 Deterioration ifae < &
Russia 1990 4000 ? ?
Rwanda 2005 1000 ? ?
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Country Larger population z* Estimated bound Change in welfare
S

Senegal 2005 1000 o= 612 Improvement ifo < &,
Sierra Leone 2005 1000 1= 491 Improvement ifa < a4
Slovakia 2005 8000 ? ?
Slovenia 2005 12000 ? ?

South Africa 2005 5000 1= 157 Improvement ifa < a;
Sri Lanka 2005 2000 a1= 1793 Improvement ifa < a;
St. Lucia 2005 3000 a1= 1385 Improvement ifo < &,
Suriname 2005 5000 a1= 1915 Improvement ifa < a;
Swaziland 2005 1000 1= 600 Improvement ifa < a;
T

Tajikistan 2005 1500 a1= 1067 Improvement ifa < &y
Tanzania 2005 1000 ? ?
Thailand 2005 4000 1= 2615 Improvement ifa < a4
Timor-Leste 2005 1500 a1= 491 Improvement ifa < &,
Togo 2005 1000 1= 202 Improvement ifa < &,
Trinidad and Tobago 2005 9000 &= 8604 Improvement ifa < &,
Tunisia 2005 9000 Q1= 2473 Improvement ifo < &,
Turkey 2005 6000 1= 2750 Improvement ifo < &,
Turkmenistan 2005 4000 a1= 3369 Improvement ifo < &,
u,vw, X, Y, Z

Uganda 2005 1000 ap= 271 Improvement ifa < &,
Ukraine 1990 5000 at= 741 Improvement ifoe > 6!
Uruguay 2005 11000 ay= 10550 Improvement ifa < &,
Uzbekistan 2005 3000 at= 365 Improvement ifo > &'
Venezuela 2005 5000 &'= 1485 Deterioration ifa: > &'
Vietham 2005 3000 ap= 1230 Improvement ifo < &,
Yemen 2005 4000 a'= 859 Deterioration ifoa > &'
Zambia 2005 1500 1= 196 Improvement ifo < &
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6.2 Developing countries not included in PovcalNet data

East Asia and Pacific

American Samoa Myanmar

Fiji Palau

Kiribati Samoa

Korea Democratic Republic Solomon Islands
Marshall Islands Tonga
Micronesia Fed. Vanuatu

Europe and Central Asia
Kosovo Serbia
Montenegro

Latin America and the Caribbean

Argentina Grenada
Belize St. Kitts and Nevis
Cuba St. Vincent and the Grenadines

Middle East and North Africa

Iraq Syrian Arab Republic
Lebanon West Bank and Gaza
Libya

South Asia
Afghanistan

Maldives

Sub-Saharan Africa

Eritrea Seychelles
Mauritius Somalia
Mayotte Sudan

Sao Tomé and Principe Zimbabwe

6.3 Countries with only one survey

Angola, Benin, Bhutan, Chad, Comoros, Congo DemocraticuBkép Gabon, Haiti, Papua
New Guinea, Namibia, Saint Lucia, Suriname and Togo.
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6.4 High-income countries included in the global populatia counts

Andorra French Polynesia Netherlands Antilles
Antigua and Barbuda Germany New Caledonia
Aruba Greece New Zealand
Australia Greenland Northern Mariana Islands
Austria Guam Norway

Bahamas Hong Kong, China Oman

Bahrain Iceland Portugal

Barbados Ireland Puerto Rico
Bermuda Isle of Man Qatar

Brunei Darussalam Israel San Marino

Belgium Italy Saudi Arabia

Canada Japan Singapore

Cayman Islands Korea, Rep. Spain

Channel Islands Kuwait Sweden

Cyprus Liechtenstein Switzerland
Denmark Luxembourg United Arab Emirates

Equatorial Guinea
Faeroe Islands
Finland

France

Macao, China

Malta
Monaco
Netherlands

United Kingdom
United States
Virgin Islands (U.S.)

6.5 Equivalence results (for online publication)

Consider two income distributions € R andv € RY, with M < N. Letz~ andz*
be appropriate lower and upper bounds of the range of poliegy and let: € [z, 2"]. Let
g e Fl 4 anda be a given value of the critical level.

To demonstrate the equivalence betweggh . andZ'" ., we redefine FGT and CLGU
indices in terms of Stieltjes integrals. Consider a reagmvdl [a,b] such thatuy, ..., uy, o,

v1, ..., vy € (a,b). Define:

M t

1

DL(t)=—=) I(u, <t Di (t) = | Dt (x)dx fors > 2, (25)

D} () k= i](v <t) Ds (t) = jDS—l (z) dx for s > 2 (26)
v N — 1 — v / v -
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and
t

' (t)=I(a<t) 0% (t) = /93—1 (z) dx for s > 2. (27)

Then,P; (z) andP;(z) can be rewritten as

z z

P (2) = % / (2 — £~ 1dD! (t) + W / (= — 1)~1d0" (1) (28)
and .
Pi() = / (= — )DL (¢). (29)
U; |fZ:1,,M N . _M . _ 2 (o
Letu,, = 0 i M4l N Then,;g (Ua;) = ;g (u,)+(N — M) g* (a) . We
can also write
N b b
>0 () = M [ g ®aDY () + (¥ - ) [ g7 (008" 0 (30)
i=1 a a
and
N b
S o) =N [ 0aDi o). @)

We wish to computé®s(z). Fors = 1,

z

Pi() = [aDi(n=D}) - Dila).
Since by definition,D} (a) = 0, we haveP!(z) = D! (z). For any integes > 2, and using
integration by parts, we have:

z

Piz) = / (= — £y~ 1D} (1)

a
z

— [—t D]+ (s - 1) / (= — £)°2D} (1) dt

a
z

= (s—1) /(z —1)*72D! (¢) dt.

a
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Applying again(s — 2) times integration by parts, we obtain
Pi(z) = (s—1)! /Ds1 = (s— 1! [D; (2) — D; (a)].

By definition, Dy, (a) = 0 and thusP;(z) = (s — 1)! D5 (z). Doing the same foP; (z), we have
that

P (2) = (s — 1)1 [%Dfl () + &g (2)} .

Therefore, we find

PG =P = -t |0+ T e o -] @

Hence fors > 1,

(N — M)

M
P (2)—P(2) <0,Vz~ < z2<z" & —=Dj (2)+ N

N 0° (2)—D3 (2) <0Vz™ <z <zh.

Becauser, 737 ., v &P (2) — Pi(2) <0,V 2z~ <z <z then

5P M (N — M)

u, = Z+V<:>ND3(Z)—|— 7 0°(z) — D3 (2) <0Vz~ <z< 2. (33)
For s > 1, we also apply successive integration by pastsiries) onfab g*(t)dDL (t). We
obtain that
b s b
1 k=1 o(k—1) i b (5) s
[owanie = >[0T @okw] + v [ 00
a k=1 a
whereg®” (t) = ¢7 (t) and = (¢) = ¢ DL (t).
Thus,
b b b
M/thdpl (t) /g (t)d6" (¢ / (t)dDL (1) <
> [(~1)7 4=~ (6) [MDE (1) + (N — M) 6% (1) — ND5 (¢ >Hb
k= a (34)

1
+ (=1 [} 9" (&) [MD;, (1) + (N = M) 6 (t) = ND; ()] dt > 0.
Because oD} (b) = 6 (b)) = DL (b) = 1 andD¥ (a) = 0% (a) = D% (a) = 0 for all k < s, the
above inequality reduces to

> k—1 z<k D k . k . k
> (1) (b) [MDE (b) + (N = M) 6" (b) = NDS (b)] @)

1) [P g* (1) [MD3, (t) + (N — M) 6° (t) — NDs (t)]dt >0,

_i_w
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This expression can be rewritten as

S (~1)* g (b) [MD (b) + (N — M) 6% (b) — NDE (b))

=2

F (1) 74 () (MDS (1) + (N — M) () — ND3 (1)) de (36)
_l_

a

IP(=1)* ¢# (8) [MD5 (t) + (N — M) (t) — ND3 ()] dt > 0.

u

Given the second line of (8), we have that(t) = ¢*(z) for all t > z. Hence,g*" " (t) = 0
forallt > ~ and for allk > 2. Note that the first and third terms of the above expressiorsha
Hence,
M [} g*(#)dD} (t) + (N = M) [} g*(£)d6" () > N [} g*(£)dD}, (t)
& (=1 [T g™ () [MD (8) + (N = M) 6° (t) = ND; (1) dt > 0.
Consequently, given the assumption that)® ¢** (t) < 0Vt € (2, z™),
b

M / *(¢)dDL (¢ /b g*(£)do" (¢ /b t)dDL (¢

a

is equivalent to
MD: (t)+ (N —M)0°(t) — ND: (t) <0Vz~ <t <27,
and this can be rewritten under the form

M (N — M)

S S _ S < —< < —‘r.
NDu(t)—i— N 0°(t) — Dy (t) <0Vz~ <t <z

Because

b b
u W +v<:>M/ (t)dD}: (t)+(N — M/g d@l()ZN/g(t)dD},(t) Vem <t <zt

~NQLZT 2

we have
N-M
uzWo v e Dt ( )83() D:(t) <0Vz <t<z*t (37)
o N N
Given (33) and (37), we can conclude that
u réi‘,/‘z/ 2t V< Uq i?ip 2t V. (38)

It is straightforward to verify that once a lower-order CL@09minance ranking between two
distributions is established, higher-order dominance/beh these two distributions also holds up
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for a given value of the critical level. Indeed, for asyy> s; > 1,

>s1P

~zTz

s2P

u
(67
~zTz

L V=1, LV

and thus
>_51W

~o,zT

>_52W

Na7z*7z+

u V=1 V.
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